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A multisolution direct method has been proposed to resolve

the phase ambiguity intrinsic in single isomorphous replace-

ment data of proteins with the replacing atoms in a

centrosymmetric arrangement. The phase ambiguity of each

re¯ection is in fact a `sign ambiguity' of the phase difference

between the phase of the native protein and that of the

replacing atoms, i.e. � |�'| = ' ÿ '0. The P+ probability

formula can be used to derive the signs. The multisolution

phasing procedure is initiated using random starting values of

P+. A cluster analysis is used instead of ®gures of merit to ®nd

the correct solution. The direct-method phases can be further

improved by density-modi®cation techniques. The method

was tested with the experimental SIR data at 2 AÊ resolution

from a known protein aPP; satisfactory results were obtained.
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1. Introduction

It is well known in protein crystallography that phase ambi-

guity is intrinsic in single isomorphous replacement (SIR)

data. The phase of a re¯ection from the native protein can be

expressed as

'H � '0H � j�'Hj; �1�

where 'H is the phase of the native protein for a re¯ection with

the reciprocal vector equal to H and '0H is the phase of the

replacing atoms, while �'H is the difference between the

phase of the native protein and that of the replacing atoms.

Given a set of SIR data, it is not dif®cult to ®nd the positions

of the replacing atoms and then to derive '0H and |�'H|. The

remaining problem is to ®nd the sign of �'H, i.e. to break the

phase ambiguity. A number of procedures have been

proposed to solve this problem. These include the solvent-

¯attening method (Wang, 1981, 1985) and various kinds of

direct methods (Coulter, 1965; Fan, 1965; Karle, 1966;

Hendrickson, 1971; Hauptman, 1982; Fan & Gu, 1985; Fortier

et al., 1985; Klop et al., 1987; Giacovazzo et al., 1988; Kyriakidis

et al., 1993). In practice, the solvent-¯attening method has

been the most successful; however, it is impossible even in

theory to resolve the phase ambiguity when the replacing

atoms are in a centrosymmetric arrangement. On the other

hand, direct methods are capable of breaking the phase

ambiguity under these circumstances, as has been shown by

Yao & Fan (1985) using a set of error-free SIR data. Never-

theless, until now no successful test using experimental data

below atomic resolution has been reported. In this paper, we

will describe a test with the experimental SIR data at 2 AÊ

resolution from the known protein aPP, in which the replacing

atoms are in a centrosymmetric arrangement.



2. Phasing

According to Fan & Gu (1985), the SIR phase ambiguity can

be broken using the P+ formula

P���'H� � 0:5� 0:5
ÿ

tanh
�

sin�j�'Hj�
� �P

H0
mH0mHÿH0�H;H0

� sin��03 ��'H0;best ��'HÿH0;best�
�	�
; �2�

where

mH � exp�ÿ�2
H=2�f�2�P� ÿ 0:5�2 � 0:5�

� �1ÿ cos�2�'H�� � cos�2�'H�g1=2; �3�

tan��'H;best� � 2�P� ÿ 0:5� sin j�'Hj= cos �'H; �4�

�H;H0 � 2�3=�
3=2
2 jEÿHEH0EHÿH0 j;

�n �
P

j

Zn
j ; �5�

and

�03 � '0ÿH � '0H0 � '0HÿH0 : �6�
The factor exp�ÿ�2

H=2� in (3) is related to the `lack-of-closure

error' (Blow & Crick, 1959). To break the phase ambiguity,

initial values should be assigned to P+ for each re¯ection. (3)

and (4) are then used to calculate values of mH and �'H,best.

The results are substituted into (2) to obtain a new set of P+

values. The procedure can be made iterative. Finally, values of

�'H,best are converted to 'H,best using (7),

'H;best � '0H ��'H;best: �7�
In principle, there are two different ways to assign initial

values to P+. One is to assign all re¯ections to have an initial

P+ of 0.5. This implies a single-solution phasing procedure.

The other is to assign random values to P+ and implement a

multisolution procedure. In the case that the replacing atoms

are in a centrosymmetric arrangement, �03 in (6) will always be

0 or �. Then, according to (4) and (2), an initial P+ of 0.5 for all

re¯ections will have all the newly calculated P+ remaining

unchanged. Hence, a multisolution phasing procedure is

necessary for breaking the SIR phase ambiguity when the

replacing atoms are in a centrosymmetric arrangement. In the

test of Yao & Fan (1985), random values between 0.4 and 0.6

were used as the initial values of P+. In the present test,

however, we found that better results could be obtained by

using random values between 0 and 1 for the initial P+ values.

A crucial step in multisolution phasing is to ®nd an appro-

priate ®gure of merit to pick out the correct solution; however,

this is not always easy, especially when the diffraction data

available is below atomic resolution. In the present test, a

cluster-analysis procedure was used instead of ®gures of merit.

3. Cluster analysis

Cluster analysis was introduced by Lunin et al. (1990) to

determine the molecular envelope of proteins using very low

resolution data. The philosophy of cluster analysis is that,

among the phase sets resulting from a suf®ciently large

number of random trials, there should be a considerable

number of sets close to the true solution, while others are

randomly distributed and differ signi®cantly from each other.

Hence, we can ®nd the cluster(s) that are closest to the true

solution by grouping the phase sets as follows. The average

phase difference hdif(')i is calculated for every pair of phase

sets according to

hdif�'�i �P
H

FH��'H�1 ÿ �'H�2�=
P
H

FH: �8�

Then, for each phase set, the number of sets around it with a

hdif(')i of less than a given value, say 2�, is counted and the

phase sets are arranged in descending order of these numbers.

[In practice, this value is adjusted so that 76.2% (the area

within the `half-height width' of a Gaussian distribution) of the

total phase sets are included in clusters.] The top phase set and

all other sets having a hdif(')i against the top set of less than

2� are grouped as the ®rst cluster. The next phase set and those

with a hdif(')i against the second set of less than 2� are

grouped as the second cluster and so on. Within each cluster,

an average phase set may be obtained according to the

following equation,

�mH exp�i'H;best��average �
PN

j

mH exp�i'H;best��j=N; �9�

where N is the number of phase sets in the cluster. The

average phase sets from the largest clusters are taken as the

most probable solutions. In the SIR case with the replacing

atoms in a centrosymmetric arrangement, we can expect to

®nd two largest clusters which correspond to the two enan-

tiomorphs. If the unit-cell origin is chosen at the inversion

centre of the replacing atoms, the phases from one enantio-

morph will be the negative of those from the other. Hence, if

two clusters can be identi®ed as corresponding to solutions

which are enantiomorphs, it may be useful to average the

phases (after changing the signs where appropriate).

4. Test

Data used in the present test were from the native and the

mercury derivative of a small protein, aPP (avian pancreatic

polypeptide), at 2.0 AÊ resolution (Blundell et al., 1981). The

crystals belong to space group C2 with unit-cell parameters

a = 34.18, b = 32.92, c = 28.44 AÊ , � = 105.3�. There is one

molecule with 36 amino-acid residues in the asymmetric unit.

The program used to break the phase ambiguity is a new

version of the program OASIS. Apart from a number of minor

modi®cations, the new version differs from the old one (Hao et

al., 1996) by the inclusion of multisolution phasing and cluster

analysis. Details of the program will be described in a separate

paper.

In the present test, 1000 random trials were implemented.

Five iterative cycles were calculated for each trial. The cluster

analysis yielded two large clusters amongst many smaller ones.

Inspection of the phase difference between these two clusters
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showed that they are enantiomorphs of each other. F(obs)-

weighted phase errors were calculated as

ERR �P
H

FH�obs��j'H�obs� ÿ 'H�cal�j�=P
H

FH�obs�: �10�

Phase errors and map correlation coef®cients of the best set

and the average set within the biggest two clusters are listed in

columns 3±6 of Table 1. The density-modi®cation program

DM in the CCP4 suite (Collaborative Computational Project,

Number 4, 1994) was used to improve the direct-method

phases. It was observed that SIR phases could not be

improved by the DM approach, as the phase ambiguity was

not resolved. A solvent content of 25% was assumed, and the

results are listed in column 7 of Table 1. A typical portion of

the electron-density map calculated using SIR phases and

using direct method plus DM phases are shown in Fig. 1. The

quality of the electron-density map calculated using direct

method plus DM phases should enable one to carry out

straightforward model building and structure determination.

5. Concluding remarks

As can be seen in Table 1, the Fo-weighted average phase error

for the original SIR phases (Wang, 1981) is 67�, and dropped

by 12� to 55� after the direct-methods procedure as described

in the previous sections. This means that the SIR phase

ambiguity has been effectively broken by the direct method.

Unlike the use of ®gures of merit, cluster analysis could not

predict which individual phase set is the best. However, phases

as good as those of the `best set' can be derived by averaging

over the `best cluster' (see corresponding values in Table 1).

Finally, while density-modi®cation techniques alone are not

able to break the SIR phase ambiguity when the replacing

atoms are in a centrosymmetric arrangement, the combination

of direct methods and density modi®cation gives much

improved results.
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Table 1
Results on breaking the phase ambiguity in the SIR data from the known
protein aPP.

Phase errors and map correlation coef®cients were calculated against the
structure model (Blundell et al., 1981) excluding the crystallized water
molecules. All 2106 observed re¯ections at 2 AÊ resolution from the native
protein were used in the calculation. The SIR and direct-method phases used
in map calculation were weighted by mH of equation (3).

Fo-weighted average
phase error (�)

Map correlation
coef®cient

Unresolved SIR phases 66.5 0.4514
Cluster 1

Best set 54.5 0.5144
Average set 54.5 0.5554

Cluster 2
Best set 54.1 0.5358
Average set 54.1 0.5609

DM based on the average
set of cluster 2 51.3 0.6013

Figure 1
A portion of the electron-density map calculated using (a) SIR phases
and (b) direct method plus density modi®cation (DM) phases, with the
known structure model (Blundell et al., 1981) superimposed.


